In this note, we find a new inequality involving primes and deduce several Bonse-type inequalities.
Introduction
Denote the nth prime by p n . In 1907, Bonse [1, 2] found and proved two interesting inequalities which states that for n ≥ 4, i=n i=1 p i > p 2 n+1 and for n ≥ 5,
n+1 . Based on the first inequality, he showed that a well known result which states that 30 is the largest integer N with the property that every integer a with 1 < a < N and (a, N ) = 1 is prime. (This result has been further generalized. See [3, 4] . ) In 2007, Betts [5] obtained the inequality
Bonse's first inequality. Thus, naturally, people are interesting in Bonse's inequalities. More precisely, people would like to consider the inequalities about the product of the first n primes.
In 1960, Pósa [6] refined firstly Bonse's inequalities. He proved that for every integer k > 1 there is an n k such that p k n+1 < p 1 p 2 · · · p n for all n > n k . Moreover, the analogues of 30 are computed for the first few values of k. In 1962, Mamangakis [7] proved that for n ≥ 11, n i=1 p i > p 4n and for n ≥ 46,
4n . In 1971, Reich [8] showed that for every natural number k there exists a natural number N (k) such that
In 1988, Sándor [9] showed that for n ≥ 3,
, and so on. This refined the Bonse's inequalities again. However his approach is quite different from Bonse's. In 2000, using the Rosser-Schoenfeld and Robin estimates, Panaitopol [10] proved that
, for all n ≥ 2, where π(n) is the primecounting function. In this note, we proved the following new inequality involving primes:
> 2 p r+1 and for 1 ≤ r < 20,
By Theorem 1 and Panaitopol's inequality, we can deduce the following result:
Corollary
Corollary 1 improves Pósa's inequality in the following form: for given integer k ≥ 5, p 1 p 2 · · · p n > p k n+1 for n ≥ 2k. Bluntly speaking, the author likes Pósa's inequality. In [11] , using Pósa's inequality, the author proved that there exists a prime q such that for all prime p > q , if 1 ≤ a < p, and r is the smallest prime satisfying (r, a) = 1, then 4r 3 < p.
Based on Corollary 1, one could also get easily several Bonse-type inequalities for the first few values of n. For example,
n+1 provided n ≥ 10, and
The Proof of Main Results
Lemma 1 [12] :
Corollary 2: For integer r ≥ 55, r − π(r) > (r + 1) log 2.
Proof: Firstly, we can check directly that for 63 ≤ r ≤ 149, 0.3r ≥ π(r) + 0.7. If r ≥ 149, then log r > 5 and 7/r < 0.05. Therefore,
12.5506
log r + 7 r < 3. But, by Lemma 1, π(r) < 1.25506r log r . So, 0.3r ≥ π(r) + 0.7, and for r ≥ 63, r − π(r) > (r + 1) × 0.7 > (r + 1) log 2. When 62 ≥ r ≥ 55, one can check directly r − π(r) > (r + 1) log 2. This completes the proof of Corollary 2.
Lemma 2 [12] : For x ≥ 17, π(x) > x log x . Finally, we prove that Corollary 1 improves Pósa's inequality in the following form: for given integer k ≥ 5, p 1 p 2 · · · p n > p k n+1 for n ≥ 2k. Note that for k ≥ 5, we have n ≥ 2k ≥ 10. So, by Corollary 1, we have p 1 p 2 · · · p n > 2 p n+1 . But by Lemma 1, we have n + 1 < provided n ≥ 10, and i=n i=1 p i > p 5 n+1 provided n ≥ 8.
Proof of
Theorem 1: By Lemma 2, for p r+1 ≥ 55, π(p r+1 ) > p r+1 log p r+1 . Hence, r + 1 > p r+1 log p r+1 . By Corollary 2, for integer r ≥ 55, r − π(r) > (r+1) log 2. Note also that for r ≥ 55, p
